'7TFS 



1176 01342 



342 9676 J * * 




TBCHHIOAL MEMORAHDTJMS 
HATIOHAL ADVISORY COMMITTEE TOE AEROHAUTICS 



Ho. 870 



COPY 



BEHAVIOR 07 A PLATE STRIP UHDER SHEAR AHD COMPRESSIVE 
STRESSES BETOFD THE BUCKLING LIMIT 
By A. Eromm and K. Marguerre 

Luf tf ahrtf orsohTing 
.Vol. 14, Ho. 12, Leoeinber 20, 1937 
Terlag von R. Oldenbourg, Munchen und Berlin 



Washington 
July 19S8 



II AT 1 05 AL A2YIS0E? COMMITTEE JOE AERONAUTICS 



TECHNICAL MEMORANDUM NO. 870 



BEHAVIOR OP A PLATE STRIP UNDER SHEAR AND COMPRESSIVE 
STRESSES BEYOND THE BUCKLING LIMIT* 
By A. Kromm and K. Ma'rgue'rro 



The present report is an extension of previous theo- 
retical investigations on the elastic "behavior of a plate 
under compression and shear' in the region above the criti- 
cal. The main object is the clarification of the "behavior 
immediately above the "buckling limit since no theoretical 
expressions for this range have thus far been found and 
since experimentally, too, any degree of regularity in tho 
behavior of the plate in the range botwoon the critical 
load and about threo to four times the critical, is dis- 
cernible only with difficulty. Tho prosont roport thus 
supplements, for example, tho experimental investigations 
of Lahdo and Wagner. 

Lahde and Wagnor's invoatigationa differ from ours, 
however, in tho following points: Wheroas thoy consider 
the case of clamped-end condition and rigid lateral stiff- 
ening, tto shall consider hinged-end conditions and tho two 
limiting casoo of rigid and vanishlngly small lateral 
stiffening, respectively. (Through interpolation, the in- 
termediate case of elastic lateral support is thus, taken 
into account.) Lahde and Wagner's, chart 4 refers to tho 
particular case of pure shear, while our figures 2 and S 
roforto the more general case of combined loading in com- 
pression and shear. There is some deviation in the re- . 
suits - our computations leading to a somewhat smaller 
supporting strength of the sheet than is obtained on tho 
basis of the test results of Lahdo and Wagner. 



I. INTRODUCTION 



The 'present paper is a continuation of two-previous 
papers on tho behavior of plates beyond the buckling limit. 



"Verhalten einos von Sohub- und Druckkraften boansprUchton 
Plattonetreif ens oberhalb dor Boulgrenzo. 9 Luftfahrt- 
forschung, vol. 14, no. 12, Docombor 20, 1937, op. 627- 
6 39. 
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In the first paper (reference l) there was investigated, 
with the aid of the energy method, the "behavior immediate- 
ly above the Duckling limit under the approximating as- 
sumption that for a small excess of load boyond the "buck- 
ling load, the waves maintained the same shapes they as- 
sumed at the critical load. Tho investigation dlfforod 
essentially in the method omployed from those of other 
authors, in that first the theory of plates with "large" 
deflection, was "based on considerations from differential 
goomotry; and secondly, in the derivation of the equilib- 
rium conditions (expressed in terms of the displacements 
"U-t v, w); the principle of virtual displacements and tho 
Hits expression was applied Btrictly to tho normal dis- 
placement w only (hence not to u and v). The essen- 
tial rosult obtainod was that the apparent stlffnesB 
B red a dp x /dc was roduced to half its value at the in- 
stant of buckling (reference 2). 

In the second paper (reference 3) there was investi- 
gated (with the aid of an expression by Bits for w con- 
taining several parameters) the behavior of the plate when 
the critical point was far exoeedod. The principal re- 
sult obtained was the simple approximate formula for the 
"effective width" 




<*l > Per 5 



(b b width of sheet, p^ = tho stress in the longitudinal 
reinforcing members (fig. l)). 

Tho present investigation is a continuation of the 
provious as regards both subject matter and method. The 
former is extended by the addition of shear loading to the 
pressure loading which alone had boon considered up to 
tho present ("combined" shoar and compressive stress)* 
The method is extended by taking into account a variabil- 
ity, in the wave length and, in the presence of shear, the 
ohange in the angle of inclination of the waves (angle a, 
fig* 1) with increasing load beyond the critical. There 
are thus obtained with a far less expenditure of computa- 
tion work (and this is a most important factor in the com- 
plicated shear problem), results that are only slightly, 
impaired as compared with those previously obtained (ref- 
erence 3, p. 126) for the case of pure compressive load. 
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II. STATEMENT OP TEE PB.OBLEM, OHOIOB 07 
IHDBPIOTDEIIT VABIABLIS 

7e consider (as In the paper cited under reference ,1 ) 
a strip extending infinitely in the x direction, simply 
supported by flexurally ■ rigid longitudinal stlffeners. 
The latter may he supported against each other hy cross 
rihs which, however, are not to make contaot with the 
sheet., so that the Duckling waves may he formed undisturhed 
along . x. As shown on figure 1, the cross sections of the 
stlffeners are denoted hy F^ and F^, respectively* 

the reference, cross sections heing taken as s h and . s a, 
respectively, where a Is the distance "between the trans- 
verse stlffeners. Denoting by p x and p y the mean ex- 
ternally applied pressures, then there are the following 
relations between the latter, the pressures p^ and p q 

In the stlffeners, and the mean pressures Pj and p a In 
sheet : 

p sb + p, F p sa + p 6 P 

p - -i k — i. tj a -= a — (2,1) 

Bb + Tj, ' P y sa +• 7 q v * ' 

She system of longitudinal and transverse stiffener members 
Is assumed not to be stiff at the edges so that the (mean) 
shear stress T 1b taken up only' by the sheet. Let the 
mean displacement be denoted by V and the wave inclina- 
tion angle by d, the mean compressive strains in the x 
and y direction, respectively, by e x and c a , so that 

the pressures of the longitudinal and transverse members . 
are: 

?l - B e l » P q - 3E e B (2.2) 

The problem in its most general form will consist in 
determining the elastic condition of the strip as a func- 
tion of the eight parameters 

-B.-h, a. P l , P q , p^, -py, T (2.3) 

If, in place of these eight independent variables we intro- 
duce nondlmensibnal combinations, then s and b ' drop 
out as independent' parameters since they enter into the 
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expressions for the critical loads onl7 in the form of a 
quotient (s/h) . In addition, a and Tq occur only in 

the combination ?„/b&. Since there still remain fivo in- 
dependent parameters, we must restrict somewhat the gen- 
erality of the investigation. 

We choose as the most important particular case p = 

0 (i.o. t the absence of an external load in the y direc- 
tion) and restrict our solves as regards the geometrical 
magnitudes a and Tq, to the two limiting cases of very 

weak and very strong transverse stiff oners, that is: 

Fq 7a 

— = 0, — = a 

sa sa 

in other words, we consider the two limiting oases: 

p a = 0 and p^ = E e a =0 (2.4) 

so that as independent variables there remain only the 
three magnitudes: 

— , T, and vx or p x 

The object of our computation is the determination of 
the two functions: 

*i = *i ( *V T) » Y = y T) (2 » 5) 

in which p x (or p^ ) may be replaced according to (2.1) 
by the values p x and Ei/sh. 

III. BASIC EQUATIONS 
METHOD OE HITZ AND GALEBKIH 



The basic equations for the determination of the 
changes in the stress and strain condition of the buckled 
plate were derivod in the throe works cited under section 
I, and we shall briefly sot them down here. For the changes 
in the coefficients of the linear element there is obtained 
aftor neglecting the square terms in the strain portion of 
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the tangential displacements u t v and all higher members 
in. .the., "bonding portion: _ 

-\ 

7 1X = SUj. + w x a - 2! W T - V, 



*XX» 



aa - 2v 7 + Wy B - 2s w yy 



18 



Uy + r± + XT X Wy - 2S Wj-y. 



> (3.0) 



She stresses <r, t in the middle plane of the plate 
are given by: 

8 w v 8> 



0* x - V Oy a X (uj; + -|-)f Oy - V <X X = I (vy * "jf") 



t = o (uy + .r x + tfj,. Wy ) 



(3.1) 



The expression for the storod-up strain energy in a strip 
of plate of length I is: 



1/2 b/2 
-1/2 -b/2 



+ 0-y) 8 - 2 (l+v) (CT x CTy - T 8 )] 



a )]} dx dy (3.2) 



licfcji) C(Aw)B - 2(1 - U) <w " »jy - **y 



The throe equilibrium conditions are obtained accord- 
ing to the principle of virtual displacements from tho min- 
imum condition: 

6 (A + 7) a 0 

If xre consider the displacements at the edges as given (so 
that the edges are kept fixed during the variation), the 
variation of the potential 7 of the external forces van- 
ishes (the external forces perform no virtual work on the 
displacements 6u, 8v, 8w vanishing at the edges), and 
there remains: 
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1/2 b/2 

8A = Sa J J {y- [ (ff" x Sfo^-v a y ) + a y 8(5y-v cr x ) 
-1/2 -h/2 

+ 2(1 + U) tot] * 6 [| * | w^. + w iy « 

+ u ("rx w yy " w xy B >]} 
1/2 b/2 

= E s ^ y {| Cffj. 6 Uj + ff y 6 v y + f (6 Tiy+6 v x ) 
•r.l/2 -b/2 

+ or, » x 8 w x + a y w y 6 w y + T (w x 6 Wy + Wy 8 w x )] 



B 8 



T i2(i-v a ) ffix 6 w * x + w yy 8 w yy + 21,17 8 w * y 

+ v (tr xx 6 Wyy + W yy 8 w xx - 2w xy 8 w^y)]} dx dy = 0 

By intogration by parta there is obtained (taking into ac- 
count the end conditiona (8u, 6V, 6w = 0 for y = ± b/2, 
8u, 5v, ST7 periodic in x) in the usual manner: 

1/2 b/2 

«... / y {(a + |i) + ..> 

-1/2 -b/2 - _ - g- 

+ (ix- + i?) (8V+ V 80 

+ (*x ^xx + *y w yy + 2T *xy - ^ A w) 6w} dx dy 

1/2 

+ [l2oSr / ^ - v w «> 8 "ar d3C ]._ ±1)/2 = 0 (3 - 3) 

-1/2 * 

The approximate method for the solution of the differential 
equilibrium equations involved in (3*3) is the following: 
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The two oquations for the equilibrium of the forces in the 
plate strip, namely: 



(3.4) 



Bct x 3t 3t 3ff y 

dx dy ox 9y 

are satisfied exactly by the assumed stress function; 

*x c *yy. . fry - *xx» ■ 7 * - *xy 

There is then obtained from the elasticity equation (3.1), 
"by elimination of the displacements u and v, as a first 
equation for the relation between the stress function $ 
and the normal displacement w, the equation: 

A A * =» E (w xy a - w xx Wyy) (3.5) 

As a second equation, there is obtained from (3.3) the 
equilibrium condition for the forces at right angles to 
the plane of the plate I 

Xg'x!"") A A w " *77 w xx - *xx *yy + 2 *xy »xy e 0 < 3 - 6 > 

This condition is satisfied only approximately. Tor 
the n-ormal displacement w, we set up a plausible expres- 
sion containing the free parameters T|j_ . and inptead of 
requiring that 8A, .that is, that the expression: 



1/2 lb/2 

J J i Wxx + * xx w yy " 36x7 * x y 

-1/2 -b/2 u B a A A^.\^ J 

' * B a A A w) Strf dx dy 

12(l-u a ) ' J 

shall vanish for every variation 8w (which would lead to 
the nonlinear differential equation (3.6)), we require. the 
vanishing of 8A only on variation of the free values 
l\±t that is, in place of the differential equation (3.6), 

we have tho equations: 



|~ » 0 (i « 1, 2, 3 ...) (3.7) 



(Hits method). 
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In the particular case that the parameters T| ^ in 
the Eitz expression for w enter linearly: 

w = 2 'T\ ± Wi (3.8) 

(and that each of the functions w^ satisfies the above 

given "boundary and periodicity conditions. 1 ) equations (3.7), 
dw 

on account of ^~ = , may he put in the form: 
1/2 h/2 

I I w yy + *« V " *** 

-1/2 -h/2 E B a 



bt A A WjJ- dx dy 



1/2 12(1 ^ ) 

-1/2 y=±b/2 

The method of using, in place of the minimum conditions 
(3*7), a system of equations: 

1/2 h/2 

^ y 1 { (*77 w xx + *xx *yy - 2 *xy *xy 

-1/2 -h/2 -p o v -\ 

— b~ U T wi di dy = 0 (3.9a ) 

12(l-u J ' J 

is. known as the method of Galerkin (reference 4). If the 
functions rr* are so chosen that the boundary integral in 
(3.9i) vanishes, the method is identical with that of Hits. 
The two methods then differ only in the order in which the 
operations of Integration with respect to x and y and 
differentiation with respect to T|j are taken. 

It is possible, naturally, in the general case where 
the parameters T)i In the expression for w do not oocur 
linearly (Royleigh method), to transform the minimum con- 
ditions (3.7) in Duch a manner that equations of the type 
(3.9) aro obtained. The greater ease in integration work 
in which this method may possibly result (particularly in 
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the case of a multiparameter expression), is generally off- 
set by the requirement of talcing into account all the "bound- 
ary integrals "(that" "enter into' the integration "by parts), 
and carrying along more terms in which a function of the 
limits of integration in the parameters must he taken 

into account. In the following investigation therefore the 
two forms (3.7) and (3.9) for the minimum requirements, 
will he used side hy side, depending on which appears most 
dosirahle for purposes of practical computation. 

17. DETERMINATION 07 THE STHESS JUNCTION * 



For the normal displacement w t we assume the oppres- 
sion : 

w = f cos — cos — (x - m y) (4.0) 
h I 

and consider the amplitude f, the wave longth I, and 
the value m s cot a as the free parameters (TI5,) in 
equations (3.7). 

Expression (4.0) (tho only one that leads to useful 
results with "finite" amount of computation) satisfies the 
"boundary condition w a 0, hut not, however, (for m ^ 0) 
the condition of exact hinge support. Tho fact that, in 
spite of this, it does enable an approximate determination 
of tho actual relations occurring in hinged support (as 
shown hy the deviations of the critical shear stress com- 
puted by the aid of it hy 6 percent of tho exact value), 
is explained hy the fact that the work of the end moments 
for the deflections w y of the platol vanishes, not for 

each point hut on tho average, over a poriod. That such a 
typo of ond condition (alternately positive and negative 
clamping coofficiont) cannot physically ho realized, natur- 
ally impairs tho valuo of tho conclusions drawn as to the 
heading stresses in the neighborhood of the edges. As far 
as tho prodiction of tho over-all supporting strength of 
tho plate is concerned, howover, tho effoct of this lndo- 
termlnancy is of subordinate importance'. 

Tho computation proper, with the corresponding oxton- 
sions, proceeds ontiroly in a- similar mannor to that pro- 



Tho boundary integral in (3.3) where in place of fiw. 
thoro is written w_. 
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viously giveru (See reforenco 3, pp. 122-123. ) 

Tor. the second derivatives of w, there are obtained: 

W = - f COB ? COB J (l - b 7) 

At 8 , it 8 m a \ -ny it , . 

w yy ■ - V5» + ; f COfl T COB T (x ~ m y) 

f sin ~ sin ^ (x - m y) 



- 2 



n a n 



hi 



(4.1) 



= ^ a f cob -J- cos ^ (x - m y) 

+ f sin ^ sin ? (x - m y) 
Equation (3.5) thoroforo heoomos: 

A a * = - 3E -^m? (cos cosfl (i-ioy)} 

2t 0 r *. h I J 

A particular integral of this equation is: 
f 8 



(4.2) 



fl>(p) = - E — I 
32 V. 



l B - 2it , . h a 

32 ^ S (l +ma) S °°V <X - m 7)+ V C ° 8 "b J 



2Try \ 



If, in placo of I as parameter, there is Introduced the 
ratio "of tho Btrip width h to the "wave separation" 
I . sin a (see fig. l) : 



0 = 



* " ,v , ,8 h a h a 

t so that t> = — a - 



I sin a 

then assumes a somewhat sirroler form: 



,0 ,3— = -ra U+* B ) (4.3) 
p sin a p 



* (P) " - 1 I; ff {A cos Cm j) + P B cob ^} (4.4) 

32 1 + in I h J 



Tor the stresses there are thus obtained: 
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ff x = *yy 



i Hi 



r 8 . 

8 D" 



1 + m 



■< a cob — (x-m y) + 3 cob •— J + ^ 

»• 1 + a I it > • 



yy 



8 h 1 + a 



{ — i-ff COB & ( M y)} 

1 + m I ■* 



00 



T = - 4, 



E if i 



8 b" 1 + a 8 



(4i5) 



Tho integral $ 



00 



of the homogeneous equation, A A $ = 0, 



corresponding to (4.2), which must "be made use of for sat- 
isfying the "boundary conditions, we put first, setting: 



2n 
I 



(4.6) 



in tho form: 
(h) 



= {(A X y Binh X y + B cosh X y) c6b X x 

+ (0 X y cosh X y + D ainh * y) sin X x}- 



(4.7) 



She seven constants of integration A. . . T are determined 
from the requirement that the longitudinal stiffeners con- 
nectod to the strip remain straight; i.e., in addition to 
a uniform strain, only motions as a whole should he expe- 
rienced, or expressed in formulae: 
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v (x, + b/2) - ? CaV2 1 2 

S (4.8) 

u (x, ± b/2) = - €i x ± Y b/2 



} 



In order to be able to write down these two equations, 
wo nust dotoriaine the displacement s u, v explicitly with 
tho aid of relation (3.1). TFe shall write down only tho 
final results of tho simple but somewhat tedious computa- 
tion: 



B u (x,y) = B 



161 ^ Ll + m "b J 

- (Pi - v p B ) x + 2 (1 + v) T 7 

- ^ [1 (1 + p) X y sinh A y 

■ 

+ (2A +B (l + v ) ) cosh X 7] sin X x 

_I m 



+ |S [0 (1 + u) X y cosh X y 



+ (20 + D (l + v)) sinh X y] cos X x 

16 1 



B v (x.y) =1^ { [- *s a " + 2 ± T> 
*■ L 8 B l + m a 



+ 

a 



m (l + cos J (x - m y) 

+ i [(l + cos y (x - a y) - (m 3 + l> )] sin ^Z} 

- (p a - v Pi > y 

+ ^[A (1 + v) X 7 cosh X 7 

- (A (1 - v) - B (1 + v)) sinh X y] cos X x 
+ ^ [0 (l + v)Xy B inh X y 

- (0 (1 - v) - D (1 + v)) cosh X y ] B in h x 

ee footnote, p. 12. 



IT.A.C.A. Technical Memorandum Ho. 870 



13 



Substituting in (4.8) everywhere the value y = b/2 (the 
corresponding condition for y = - b/2 ie then, on ac- 
count of the symmetry of the equations* automatically sat- 
isfied), and arranging , in. powers of x. and ainXx, 
cosXy, ire obtain the following system of equations! 



\ (4.9 x r 



a V = t + & 

4 I 



A (1 + v) ^ sinh ^2 + (2A + B (1 + i>)) cosh-^ 



wb 



TTh 



A (1 + v) ^ cosh ^ - (A (1-v) - B (1+v)) sinh ^2 

. B tf, + 3 + B % sin SB 

32 B (1 + m ) I 

0 (1 + v) 3t& C0Bh 3^ + (20 + B (1 + v)) sinh ^ 



7Tb 



S f B o a m a - -o Bmb 

P -; TTT coo . a 

32 (1 + n") I 

TTh 



^ (4.9 B ) 



«! -gL-SJL- Blll ES* 
32 p B (l + a a ) 1 



0 (1+v) Hi sinh ^ - (0 (1-u) -B (1-v)) coeh ^ 



11 
32 



8 



m a + 



2 + v 



B" (1 + m a ) 



cos 



mrb 



TTe thus consider for the moment, not the forces hut the 
displacements at the edges as given in advance. Iho mean 
values of the stresses (which enter expression (4.7) as in- 
tegration constants' PxPg, t)- are - determined in- this manner 
as functions of c x ,c a .and Y. In the final formulas, how- 
ovor, thore is nothing to prevent the. inverse interpreta- 
tion of the functional relation. 

8 This important system of equations may also he obtained 
in somewhat sinplgr.form (S s l) and (4.8; hy considering her* 
forehand the, relation between the mean values of the stress* 
os and strains, i.e., hy an integration over the complete 
periods the sin-cos- terms drop out. 
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T. THE HlZriUTTM OOHDITIOHS EOE DETEEMDTIITG THE PAEAMETEES 

f, 0, m 

The further procedure in the . computation will now be 
indicated* After the constants have been computed from 
(4.9), thoy are substituted in (3.2), and from the three 
equations (3.7), the parameters f, 0, m are computed. 
Equations (4.9J with 

1 £ i = P t . > c a = P q 

then gi vq the required relations: 

■ Pi " Pi <P t . T > T = T < Y . Pi) 

(for s 0 or p *s 0). With the aid of the first equa- 

tion (2.1), the longitudinal stiff enor stress p^ and tho 
mean cheet stress pi (and hence also the effective con- 
tributing width Pi/Pi ) and the shear displacement Y 

are then given for each combination of external loads p x 
and t. It is immediately evident that the computation, 
which is fundamentally simple, is very tedious in practice. 
Tho computation is rendered particularly laborious by the 
contribution of the "homogeneous members" (4.7) which must 
be taken into account if tho boundary conditions are to be 
strictly satisfied. It may, however, be observed from 
equations (4.9-) that in the case of pure compressive load 
(m = cot a = 0;, theso terms become extremely small* (See 
referonco 1, pp. 92 and 93.) To obtain an idea of tholr 
ordor of magnitude also in the presonco of shear stresses, 
it is convenient to investigate the opposito limiting case 
of puro shoar. Making use of the Galorkin formulas (3.9 a ) 
(with f as parameter), this computation may be carried 
out for the critical point. The results are presented in 
the table below. 





(a) 


(b) 


(c) 


(d) 


Case 


€j =0, £g=0 


Pi =0, £3=0 


«! =9 ,P a =0 


Pj =0.p a =o 


Ohango from 1 to 


0.912 


0.867 


0.722 


0.563 


ii 11 1 " 


0.914 


0.871 


0.741 


0.610 



Tho upper row shows the decrease in the apparent shear 
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modulus dT/dV at the critical point (see also 'fig. 9) . 
for. the fouxulimiting jcases of ideally rigid (e liS = 0) 
and ideally yielding (p 1>a = 0) longitudinal and trans- 

-verso stiffoners, respectively, and the lower row gives 
tho values taking the homogeneous terms into account. The 
error is in no case, large. It is most noticeable in the 
(practically uninteresting) limiting case of vanishingly 
small strongth of stiffeners (since only in the absence of 
a "moan value" of the support can a boundary effect come 
moro into evidence). Bvon in this case, however, it is 
smaller than the error which enters through the- assumption 
of a certain edge fixing which lies at the basis of the 
assumed expression (4.0). These terms therefore may safe- 
ly bo omitted, particularly in the case of combined shear 
and compressive stress - especially, since such neglect 
(as cannot otherwise be with a "relaxation" of the edge 
conditions) acts to oppose the error arising from the as- 
sumed expression (4.0;. 

If we consider this fortunate result to be valid also 
for T > T cr then no computation difficulties are offered 
in obtaining the three equations for the determination of 
the parameters f, I, m. The Galerkin formula (3.9a) can- 
not be usod, however, since the wave length -I 1b at the 
same time the interval of integration in the expression 
(3.2) in the x direction, so that equation ( 3. 9 ) . must bo 
completed by the additional torms mentionod above. It. is 
simpler first to carry out tho integration in (3.2), mak- 
ing use of expression (4.0) and tho relations (4.5), i.e.* 



- P 8 cos ^} - Pl 
"■f Sl^irh? -^(x-my)}- Pa 



(5.1) 



and then the differentiation taking into account the changes 
of the mean values p x , p a , T with the parameters 



1* 



Pi 
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».-.*-»[«. (i ♦ 

thoro is obtained: 

tr 4 f* 1 + B* 



(5,2) 



A = E s T> I 



^256 T>* (1 + m») a 

r [I p * 8 + 1 p » a - v p i p * + (1 + w) tS ] 

96 (1 - V 8 )d* L 1 + n a . JJ 



so that : 



+ *. h (p « - v p i' + T & 2 (1 + v) T 

. — ! — #J L[ {1+ ff +4 jdfiLl 
b* L 1 + n a J 



(5.3) 



1 - V 8 48 h 4 



and 



I 
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(1 + n«) -ri 



43> a J. 
tt" f p B 3f 



J, f a JL 1 + P 4 .. p 

. . . 16 - h a - P 8 - 1 + n a 1 




t Ei f ix + g°)' (1 + B a, + 4n «J . o 

n" f* P 83 Vitl' 16 l it i 
- n a ^ - 2n T + 3L- [(i+p a ) (l+ni a ) + 2m a ] = 0 

(1 + * > B n a f a p a an W = E 16 b a 3 a (l + m a ) 



> (5.4) 



1 - n 8 

n 



+ P x - P a - ft -=- e - T + p+ « 0 



whore 



P* = 



1 - D° 31) 



-■I c 



(5.5) 



is tho buckling load of tho atrip under pure longitudinal 
pressure. The system of equations (5.4) may further be 
somewhat simplified by proper combination of terms: 



P, + T 



m =» 2? [l + P a ] 



Pa 



i nl-fj _1_ fp a + — 

16 "b 1 + n a V p a (l + m 8 )' 



P * Cl - p 4 ] + E Si-* 8 

16 b 



I* 
4 



5 ♦ P. K^)*«3-"?T? ? r^ Sr (r 



>> (5.6) 



(Through equations (5.6) the parameters f, 3, m are given 
as functions of p 1 t p a , t and hence by means of (5.2) and 
(2.1) the required stress-strain relation may be found. 
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In discussing the system of equations (5.6 ) t a direct 
solution for P and . m is not possible; we shall not con- 
sider the transverse stress Pa as an independent parame- 
ter, hut compute the two limiting oases only: 

P a a 0 

(perfectly yielding transverse supports) and 
(e B = 0, rigid transverse supports). 4 



71. TEE PARTICULAR CASE T = 0 



TTe consider first the particular case of pure compres- 
sive load: T = 0. Prom the third of equations (5.4), we 
must have m = 0 and the system of the first two equations 
assumes the simple form: 



TT 



P. + -TB T. = JL ~ — S r ' + H 



1 + p 4 



Pl = ^ (i + p a ) + a 



.£1 



16 h a 



P s 



(6.1) 



Prom tho above there is obtained for the critical valuo 
(with f = 0): 



*cr 



(1 + 3 8 ) 1 „ J! . a»X 
y p a<n . = ^ (1 + P ) 



4 P" 

for P 2 = 0 (no transverse support): 

P = 1, P 



cr 



= "p 



(6.2) 



Por € a = 0 (rigid transverse supports), i.e., p s = v p x 
(see (o.ej), we have I 



The second assumption, which unfortunately, leads to a 
disproportionately large amount of computation, approaches 
very nearly tho relations that actually occur in practice. 
(See' oxanploo, section IX. ) 
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B 8 = 1 - 2V, p dr = (1 - V) p* . (6.3) 

in agreement with known results. (See roferenco 1, p. 94.) 

Tor the relation "between p x and p^ = I € j nbovo the 
buckling point, wo oh tain in the case' p a = 0 "by elimina- 
tion of f from the two equations (6.1): 

16 h 4 

and from the first of equations (5.2) a Tory simple para- 
metric representation: 



(6.5) 



Pi - T <P*-D + 23 8 + 2] = ^ [B a + B a + 2] 

Pi = ^ C33 fl (B*-l) + 2B 8 + -2] = ^ [3B a - B a + 2] J 

It may he seen that with increasing p x , p^ there is also 
an increase in 3 - i.e., the waves "become .shorter in the 
longitudinal diroction. Furthermore, the effective width, 
that is, the ratio 

r 1 = -ra rs - (6.6) 

P t 33 - B + 2 

decreases with increasing B from the value 1 for P = 1 
and approaches tho value l/3 as B — *oo.° 

A simplo measure for tho value which B may assume in 
tho elastic range is given hy equation (6.4). If for p* 
we put in its valuo from (5.5), there is obtained: 

( f / B ) B (P 4 . 1} (6>7) 

3 (1 - v 8 ) 

or (with v = .0.3) : 



with tho assumption of unchanged wave length there is ob- 
tained with the assumod expression (4.0), the limiting 
value l/2. The Improvement is therefore considerable and 
also surprisingly good when compared with tho result of 
the extended computation. 
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P = Vl + 0.68 (f/s) B 5- 0.91 /f/B 

for largo value b of f/s. 

Tho groateat bonding stross occurs in tho center of 
the flold in tho z direction (direction of tho shorter 
waves) and has approximately the'valuo: 

- Ebtt* I T T a B a 3 B sf ... /f\ 8 „, oN 

ff »« - z V f - TZf* 2 * " ■ ^ P* (6.8) 

If Op denotes tho proportionality limit of the noto- 
rial then* f/s, taking into account "bending alone, must 



/~*P 

remain below 0.90 / -j if the deformation is still to "be 

elastic. Replacing in (6.8) f/s " ■ . , 1 r P approx- 

7 3(1 - u 8 ) 

imately"by p, then * 1.81 8* p* and comparison 

with (6.6) shows that for large loads above the "buckling 
limit (p a « p 8 ) the maximum "bending stress as a func- 
tion of p^ and p* may "be written in the form: 

ff max = ja 2.42 P t 

or also 

^max = 2 - 2 P* (^) 8 3 = 2 - 2 P* l/3 Pl 8/3 < 6 - 9 > 

This formula gives an indication of how high the loading 
may be carried before permanent bending deformations may 
arise, 

For the case e a = 0, the formulas become much loss 

simple, and we shall content ourselves with referring to 
the results shown in figures 3 and 4. It may be seen in 
particular from figure 4, that the offoctivc width curvo 
(with shear absent; is no longer affected by the behavior 
of the transverse stiffoners in tho range P^/p* 2 and 

correspondingly, tho remaining conclusions drawn for tho 
case pa = 0 retain their validity. 

6 Tho formula is valid under tho assumption! W » 1. that 
is, largo loads above the critical stross; i.o., thin- 
wallod shoot. 
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VII. THE &BH2BAL CASE 07 C0II3IHTE3 SHE AH 
AHD OOMPEESSIVE STHESSES 

TTe shall now investigate the behavior of the plato un- 
der comhlned shear and compressive stresses (t 0,.m=j£ 6). 
Here, too, ire shall give a complete discussion of the more 
simple case pg =0, "but for the other Uniting case 

(e a =0), we shall write down the results only. 

Tron the second of equations (5.6), writing for brief- 
ness: 

1 + m a « 1 + cot a 8 a ~— » t (7.0) 

sin 8 a 



there is obtained for p a = 0 : 

E_ n a __ 
P* 4h 

so that 



4^- = * a (p 4 - 1) (7.1) 



£ = 1.21 t/p 4 - 1 = (for B 4 » 1) 1.21 -- | 8 ' 
S sin a 



(7.2) 



Iron (7.1) it is evident that at the critical point (f » 0), 
quite independently of the shear and longitudinal pressure 
by which thig point was attained, the distance between 
waves ia exactly equal to the plate width (0 = l); ahove 
the critical point 3 > 1. 

Por tho critical value of T, there is obtained with 
the aid of (7.1) from the third of equations (5.6) 

T cr = 2m p* (7.3) 

independently of the value of the simultaneously- acting- . 
pressure p x (< p*). A relation betwoon T cr and Pi « 
p cr nay * e ODt » ln o d through elimination of a from (7.3) 
and the third of equations (5.4): 
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If we denoto by T* the critical shear in the absence of 



T* =/2p* (* 3 = |. « ■ 55°) 



thoro follows the known relation: 



cr"N _ x _ Per 



(7.4) 



For the relation botween p x and p-^ , t and Y in tho 

abovo critical range, thore are obtained tho following pn- 
ranotor relations: 



2fc = i (t flP(P*-l) + 2B £ 
p* 4 >> 

t P s 



P 

El = h. 



- 6t + 8 - 



(t-1)) 



(P 4 - 1) 



= | (3t P 8 (B 4 -1) + 2P 2 - 6t + 8 - jb (t-1)) 



€ P* 

1 [( 6 + P " + ^)(l +v )+ 2 t P 8 (P 4 -1)] 



V (7.5) 



2 



oe reference 5. In the general case, p a J= 0, the rela- 
tion rejQdsr r _ , 

(j, j . [| (1+P »> _ ^ [| <„-, -n]. . yrrTi! 

which is obtained in the simplest way through elimination 
of n from oquations (5 . 6^ ) and (5.6 3 ). In the corre- 
sponding formula of Wagner there is a typographical error 
which was also passed on in the formula colloction of Heck 
(Luf tfohr t for s chung, vol. 12 (i935), p. 215); (p x instead 
of p a in the socond brackot). 
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In the above system, the directly given external 
stress - ..p x .. does, not enter , "being connected with the stress- 
es p x and pi aooording to (2,1 ) through an additional 
intermediate parameter I^/sb. A simple representation of 
the required magnitudes, gamely, the effective width P x /pi 
and mean shear modulus Q n = t/Y as direct functions of 
p x and' T, is therefore not possible. Since the rela- 
tion (2.1) "between p x and p^ is linear, however, a very 

simple procedure may "be indicated for the determination of 
the required relation. On figure 2 is shown a plot of 
p x /p* against p-^/p* with t/p* as parameter. In torms 

of these coordinates, equation (2«l) is a straight lino 
which is most simply determined "by its intercepts on the 
coordinate axes, the point of intersection with the p^ 

axis "being p l (o) a + and with the p a axis 

P^°) = P x (l + ~^)- Joining 61 these two points "by a straight 

line, there may "bo read off at tho point of intersection 
with the p x - p^ curve for the given value of t/p* tho 

corresponding values' of the mean sheet stress p x and the 

stiff ener stress p^ . The effective width is then 

obtained "by simple division. 9 (See also figs. 5 and 6.) 
Iron the point of intersection, there is then also found 
lnmed lately the mean decrease in the shear stiffness with 
the aid of the t/Y curves of figure 2. At individual 
points of the Pi~Pj, curves there have "been indicated the 
corresponding. p a and t values, in order to obtain a 
picture of the geometrical deformation conditions. (With 
the aid of (7.2; there is obtained in a simple manner from 
B and t also the buckling amplitude f . ) 

The maximum bending stress may be obtained from the 
formula : 



°If one of these two points falls outside the Units of the 
chart there will be found no difficulty in the determina- 
tion of this line since the slope of the angle of inclina- 
tion with the negative p^ axis is given by I^/sb. 

9 For another definition cf effective width in the presence 
of Bhedr, see reference &• 
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where | is the direction of the maximum, T| the direc- 
tion of the minimum curvature' of the surface w = w (x,y). 
If we neglect (as above) the unimportant second term in the 
case of large buckling deformations, there is obtained: 

- g s 1 

ffl " = 1 - U S 2 Pl 

The first "principal curvature" = 4-ar is obtained by 

the following consideration. The sum and product of the 
two principal curvatures l/p. and l/p_ are, as is 

shown. in differential geometry (sea, for example, reference 
7) invariants and may be givon in terms of the curvatures 

w xx- V and twiot w xy 

+ = w xx + w yy. ^" = w xx w yy - w xy 8 ( 7 ' 6 > 

Eliminating l/p B from these two equations, there is ob- 
tained for l/P x the quadratic equation: 

- A W i + (W^ Wyy - W iy a ) = 0 

whose solution is: 



~ = | {AW - / (W XX - Wyy)" + 4W x y 8 } 

Por the maximum curvature occurring at x = 0 , y = 0 
of the entire sheet -oanel, there is therefore found, using 
(4.1): 



1 



3 

Tor 3 » 1 this expression may bo considerably simpli- 
fied by expanding the root: 
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■■frSr Stover* k- u^K^ l . 

and for the maximum tending stress thero is obtained: 

which for m => 0, that is, t = 1' (and particularly, for 
P » 1) is in agreement with (6.8). 

For large loads above the Duckling (P 4 » l), f/s fl 
may he replaced "by 1.21 t p a and, according to (7.5) t P 

"by *^ lf wo a 1 * 0 neglect i— — 1, as compared to p a 

(which is justif iahle , particularly for predominating pres- 
sure stress), there 1b obtained approximately: 

ff oax = 1.81 P 4 t p* - 2.42 ja p t (7.8) 

With the aid of this relation, which we had previously 
found for the particular case t = 0, It is possible to 
obtain the maximum bending stress also from figure 2. 

Since (7.8) is true for P 8 >:> 1 (for P = 1, f, and hence 
also a becomes zero), then (according to our theory) it 
is not the bending stress but the stiffener compressive 
stress that determines the strength of the structural part. 
It should be observed, however, that the secondary buck- 
ling (reference 8) In the neighborhood of the edge that oc- 
curs at very large loads above the buckling and which is 
not token into account by our theory may, under certain 
circumstances, lead to higher bending stresses. 

The exceptional case Ca => 0 of particular interest 

in practice (limiting case of rigid transverse stiffened) 
presents much greater difficulties in the computation than 
the case p a = 0 . Since nothing fundamental, however, is 

changed in -the discussion, we shall content ourselves with 
merely indicating the system of formulas which leads to the 
construction of chart 3 similar to chart 2. It is found to 
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"be no at convenient to allow p a to remain as an interned!* 

ate parameter, since it is then possible to make direct 
use of a largo part of the computations carried out for 
the case p a = 0. (The Tallies givon by equation (7.5) for 
Pa = 0 are donoted by , , t, 



Pa _ £ 



4 



O 4 -! ) 2tp a [t (l + ^r) -l"| -4u Pl m 

-2tp S (l + jsr^ -lj -1+V {t^ + Ct-l) (l + 



Ik 
p* 



_T_ 
P* 



% + 1 tp 8 (P*-l) + (2tB S - U) ?L 
p* 2 P* 

sJi+zJi + yr=-i (tp a o*-D + || 4tp a ) 



-0 



>(7-9) 



= v + Sl ( 4 tp a - 2 a**) (i + -V))yr^T 

(-f = 1.46 t 8 (P*-l) + 5.85 t 8 ^ 
\sy p* 

The rosult of the elimination (possible only graphically) 

of the parameters t and P Is given in figure 3. As in 

figure 2, there are indicatod at individual points the 

corresponding valuos of t and P , so that in each case 

f/s (and honco by (7.7) also 5") may bo conputod. A sim- 
ple approximate oxprossion of tho typo of (7.8) for the 
bonding stresses could not bo obtainod this timo. 



Figures 2 and 3 refer to the limiting casos of -very 
weak and very strong transverse stiff oner membors, respoc- 
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tively. In order to obtain at least an approximation for 
any definite intermediate case Fg/sa, the following meth- 
od is used* On the charts the limiting compressive strains 
c a (for Pg = 0) and stresses Pg (for e a = 0) are 

shown* She stress p a is the mean stress with which the 

sheot "adheres" to the longitudinal stiffeners, and the 
transverse stiffeners must therefore take up a stress p q = 

p s S*. If the strain corresponding to this strees c 8 « 
P a sa - 

— — is now compared with the strain e a of the longitu- 
dinal members according to figure 2 (which was obtained 
under the assumption! of no transverse stiffening), an es- 
timate nay bo obtained as to which of the two Uniting 
cases is the more nearly approached and nean values ob~ 
tainedfor p x , p^ , t/OY, etc., computed fron the two 

charts* How such .a mean valuo is to be obtained in any 
particular case will clearly be indicated by a computod 
example, given in section IZ. 

Till. THE EFFECTIVE WIDTH ^ /p l AITS THE REDUCED 
SHEAS. MODULUS ~ FOR THE LIMITING CASE 

OF TERT STRONG LONGITUDINAL STIFFENERS 



Although all the required values for some particular 
application of our theory may be obtained from charts 2 
and 3, a few more figures will be given and explained in 
this section since thoy aro suited for giving a somewhat 
clearer picture of the genoral behavior of the characterise 
tic values of the sheet. In all of the figures the stiff- 
ener stress p^ which, in the limiting case of very strong 

longitudinal mombers (F^ » sb), 1b equal to the directly 

given stress p x> is taken as the reference stress. (If 

it is also desired to obtain tho numerical values for the 
case F^ ■« eh, then it is naturally possible to use as 

reference the given load stress p_ with the aid of charts 
2 and 3.) 

Figure 4 shows the variation of the effective width 
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with P^/p* in the absence of sheaf. The difference "be- 
tween the limiting cases p a = 0 (continuous curve) and 
e a = 0 (thin dotted curve) is very slight except for the 

critical point itself. The presence of a definite trans- 
versa tension P a = - P*i -2p*. etc., while it increases 

the critical load, affects the variation of the effective 
width only in the lower range. 

Figure 5 shows the variation of the critical values 
T and p x for combined stress (for the continuous curves 

seo (7.4); for the dotted curves, see the formulas in 
reference 5. with Pg = v p x ). The abscissa is chosen 

as the ratio T /P|« There may he ohserved the very con- 
siderahle effect of the transverse pressure p a = v p x in 

the case of fixed longitudinal 3tiffeners (e a = 0); p^ 
is ohtaincd from p x by multiplication with (l- v a ) = . 
0.91. 

Figures 6 and 7 give a plot of the ratio Pi/p^i for 

which the torm "effective width" has a simple meaning for 
the case t = 0. The abscissa is the ratio p,/p and 

the parameter tho ratio T/p^ of the shear to the stiff- 
ener pressure. It may be seen that in this case the con- 
coct of "effective width" b_ = h — 1 has lost its clear 

L n PlJ 

meaning since p x very soon "becomes .less than zero. Un- 
der the simultaneous action of shear and pressure, the 
tension component in the longitudinal direction due to the 
shear may "become greater than the externally applied com- 
pressive stress, so that the longitudinal stiffeners must 
take up not only the entire external pressure hut also the 
additional pressure arising from the condition of equilib- 
rium- with the sheet tension stresses (nogativo support of 
the skin). 

In the caso of pure longitudinal pressure the ratio 
P t /p^ is, as we have seen from figure 4, in the two lim 

iting cases 3"^ sh only very slightly different. In 

the presence of shear, however, the stiffness 'is quite 
considorahly affected "by the behavior of the transverse 
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stiffeners. The mechanical explanation its the following* 
In .the. .case of .pure., compressive stress tho supporting 
ability of the sheet arises essentially "from its preven- 
tion of tho buckling deformation in the neighborhood of 
the longitudinal members and a certain "cushioning" effect 
which the transverse fibers exert . as a result of the peri- 
odically changing lateral stresses. These lateral stresses 
remain small in the mean (fig. 8). As a result of the 
shear, however, there arise, for static reasons, diagonal. . 
tension stresses of considerable magnitude ("tension diago- 
nals") that are transmitted to the longitudinal stiffeners. 
If the latter, due to stiff transverse members, are prac- 
tically nondisplaceable these diagonal tension stresses. re- 
sult in a remarkable stiffening of the system against, addi- 
tional compressive and particularly shear stresses. If, 
however, the longitudinal stiffeners are yielding, then a 
diagonal tonsion field canftot bo set up at all. The angle 
of wave inclination becomes vory small and the sheet resists 
mainly through its bending stiffness. Tho apparently para- 
doxical result that, with constant external compressive 
load and incroasing shoar, the ratio t/GY for e 8 = 0 

in general increases (poo fig. 3), finds its explanation, 
in the stiffening action of the transverse stresses p a 
arising from tho shear. 

Tho so relations may bo brought out somewhat dlfforont- 
ly with tho aid of figures 9 and 10. Both figures show 
the variation of the reduced "instantaneous" shear modulus 
dT/dV (not the reduced mean shear modulus t/Y) - figure 9 
for puro shear stress, and figure 10 for constant ratio 
k = t/p^. It may be seen from figure 9 that dT/dY de- 
pends vory much on the stiffness of the longitudinal and 
transverse stiffeners. Curve a (rigid struts) shows in 
particular the decrease toward tho limiting value known 
from the tension-field theory; curve b is for tho case 
of no longitudinal stiffening; and curvo c, for no trans- 
vorse stiffening. From curve d, thero may bo obtained 
tho order of magnitude of the resistance which an unstiff- 
onod sheet exerts against . further deformation. 

Figure 11 Bhows the variation of the angle a of the 
wave inclination and the principal stress angle a with 
t /p*i Pi/p* being taken as parameter;' for C a =0. (The 

dot— dash .curves separate the regions below and above crit- 
ical buckling load.) With predominating shear stress 
(particularly, therefore, for small values of the parame- 
ter p^/p*) tho angles deviate but little from one an- 
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other; with Increasing T the curves show a tendency to 
collect in the strip "between 40 and 50°, so that with large 
loads in excess of the "buckling load due to shear no great 
error will he made in assuming the approximate value a = 
45°. The figure partially confirms the correctness of the 
assumptions of the Wagner tension-field theory and at the 
same time shows in what direction the assumed expressions 
for the defloctions should be corrected if the compressive 
load predominates. 

IX. COMPUTED EXAMPLES 



Tho use of the charts 2 and- 3 will he made cloar with 
tho aid of two examples. 

1. A panel of a plane reinforced plato girder is to 
tako up ouch a shear stress that Ts = 40 kg/ cm, and a 
longitudinal compressive force P x = 1,500 kg. The dis- 
tance botwoen the longitudinal stiffenor sections (that is, 
tho shoot width) is 130 mm, and the distance hetwoon tho 
transvorse stiffenor frames is 250 mm. 

If we consider a moon shear stress in tho sheet of 
T al = 500 kg/ cm 3 as allowable, then for tho wall thickness 
we must choose 

400 n n 

s = £55 = 0,8 un 

With s = 0.8, h = 130 the reference pre-ssure p* be- 
comes: 

** = 730 • 000 $55 x rribi ■ 100 

T 

so that -i = 5. If we admit a compressive stress in the 
P 

longitudinal stiff eners p^ = 1,200 kg/cm 8 , then with the 
aid of figure 3, we may obtain tho required section 

of the longitudinal stiffoners. Erom the latter figurp 
there corresponds to V\/v* = l 2 i and T/p+ =5, a sheet 
stross Pi/p* = 3.35; the equilibrium of tho forces in the 
longitudinal direction gives: 



P x = Pi a* + ^ *l 
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so that 



i.e. 



\ * * = 144 ° - - O.M " (9.1) 

ah 1200 



= 0.92 a "b = 0.967 om a 



We assume that among the stiffoner aeotiona there are avail- 
ahle^-O, those of area = 1 cm 8 . Wo then find on inter- 

secting the ourve T/p* =5 in figure 3, with the straight 
line : 

sh a p x 



that is. 



1.04 -i + -i = 15 (9.2) 
P* P* 



The points 

Pl /p* = 3.22, Pl /p* =11,65 

P B /P* = - 4- 2 5. T / 0Y = °- 59 

The values (9.3) were obtained from figure 3 that was 
computed under the assumption e e = 0, that is, rigid 
transverse stiff eners. In general, this assumption- will 
not lie far from the. true condition, hut it may neverthe- 
less appear deal rattle at least- to estimate the effect of 
yielding Btiffeners. Shis is posslhle with the aid of 
figure 2. Intersecting the curve- t/p* » 5 ■ in figure 2, 
with the straight line (9.2), we find: 

~ = - 0.5, ^\ = 15.6, ^-fr = 147, ^ » 0.14 (9.4) 



} 



(9.3) 



shall assume that the computation is on a series of 
sheet panels so that for each panel there, is computed only 
one stiff ener. If the computation is on a single panel, 
then in all formulas 1^ includes the sum of "both trans- 
verso stiffeners. 
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Actually the transvorse etiffenere are neither ideally 
rigid nor yielding hut we can, nevertheless, obtain the 
actual stress and deformation condition of the sheet if wo 
allow an additional external load to act in the transverse 
direction. The condition of equilibrium between tho stiff- 
ener stress p qt the mean shoot stress p a . and tho ex- 
ternal stress Py is: 

, oa 

p q J a * Pa sa ^ I C9.5) 

r q + sa 1 + |a 

If tho condition e 8 = 0, that is, vanishing compressive 
stross in tho transverse Btiffonors (as is assumed in fig. 
3) is attained, then in ordor to offset the transverse 
tensile force of the sheet it is necessary to apply a 
stress : 

y III 7 III 8 i + 15 

If, however, the sheet, remains, on the average, free from 
stress in the transverse direction (p a = 0), then an ex- 
ternal pressure: 

(p ) = _PSL e Ca 

*q ff q 

nust be applied in order to produce the compressive strain 
€ a , obtained from figure 2,* in tho transverse stiffenors. 



In the oxe 
(i.e., f» = .) 



In the example we obtain with a = 250 mm, P- p = 1 cm 1 
(a y)iii . 2.8 p* 



( Py ) = 49 P * 

Actually p y = 0, and if we make the approximating assump- 
tion that it is permissible to interpolate linearly then 
by "avoraging" we obtain finally I 
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T 0.59 X 49 + 0.14 X 2.8 _ n Kc - 
W 49 + 2.8 °' 566 



Pi _ 3.22 X 49 -■ 0.5 x 2.8 
p* " 51.8 



3.02 



P" 



11.65 X 49 + 15.5 X 2.8 
51.8 



• 11.9 



As was to "be expected, the values , do not deviate much from 
those taken from figure 3, so that in most oases the in- 
terpolation may he dispensed with. 

2. As a second example, ire choose a case of pure shear 
stress! 

To = 60 kg cm, T a ]_ = 750 kg/ cm 8 

so that s = 0.8 mm, and with h =» 130 mm, we have: 

p* = 100 kg/cm a 

If we tako, as in the first example, 1^ o 1 on 8 , we find 
at the pdint o'f intersection of a straight line of slope 

= 0.96 through tho origin, from figure 3, the valuos: 



i = - 2.35, ^ = 2.45 



P 



|f = " 4.65, = 0.76 



(9.6) 



and from figure 2 
P, 



* -11.1. 



i?r a 850 1 
e 



Linoar interpolation gives: 



21. 



T 



11.6 
0.115 



T 0.76 X 120 + 0.115 X 3.1 
jib = _ _ a ■ O, 745 
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123 



pTT = - 2.57, Jfc = 2.68 



(9.7) 
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Tho computation thus far was valid, for the inner panel 
of a aeries of sheet panels for whidi the longitudinal 
stiffeners nay he considered as remaining straight. In the 
case of the end panels, it will not ho found possible evon 
when tho outsido stiffeners are made strong, to prevent 
the odgos fron hendlng under the effect of tho transverse 
stress 0" a = - p a . In tho sane nannor as tho axial elas- 
ticity of tho transverse stiffeners, the effoct of tho 
"bending elasticity of tho longitudinal stiffonors nay ho 
approximately determined. If we considor tho stringer "be- 
tween two transverse franos as a "bean clanpod at the two 
sides under constant lateral load, there is obtained for 
the nean value of the deflections v "by the known formu- 
las : 



'.•If 



dX a p a 



a* 



720 E J 



This deflection we shall consider as having heen offset by 
an external force. If the inner longitudinal stiffeners 
are so weak that the contraction due to v nay he taken 
as uniform in all of the panels, then the stress to he ap- 
plied is (assuming two equal outer members): 

p_ = X * 



y nb/2 + sa 

In general, however, the inner longitudinal stiffen- 
ers will not be ideally flexible in bending and the inner 
panels can take part only imperfectly in the deformation. 
It is safe (with respect to the outer panel) to assume 
that the outer panel must balance the yielding of the 
stiffeners alone. There will then be a stress: 

( ff J. = - E IS g V = _ p s a * 



y i b E q + sa a 720 J b ! q + sa 

which ie to be added to the above determined stress (o~ v ) 

J 1 1 1 

in order that the condition £ a = 0 in the outer panel 
(at least in the mean over the length a) may be set up. 
The rulo according to which the linear interpolation for 

magnitude | fy, p x , etc.). between the results £ 3 and 

£ a from the two charts is to be made, is therefore: 
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Tor on inner panel! | = ^3 ^ p y^n * ^7^111 / g ? \ 

- ( yii*- ( v«i - ' 

Tor an outer panel: £ = f — % ta \ (9. a) 

.• . Vn K t'iii 1 

where ^°7^ui»' wi,tn °b = ~ Pa la obtained fron: 

<*y> , = *a , V * {l + *' \ } (»•») 
y III 1 'q + 8ft 720 J ^ 

The nonent of inertia J of the edge bare is_ deter- 
mined fron the condition that the bending stress CTnax- 3 ' 

M m __. . ■ 

y a * must not exceed a "certain limit a ftl . If h/2 de- 
notes tho distanoe of the extreme fibers from the neutral 
axiB f then 

2 ffal °al 24 

If do aired, this value for J may be substituted in 
(9.9), and there is then obtained: 

8,8 Tg 

(C VlII» = (( VlII + a al 30 h b T q + s~I 

a relation which, with given dimensions a, h, tr is very 
convenient. In our first numerical example with ** 

500 kg/ cm 8 and h a 5 cm, the value of the "bending con- 
tribution" becomes 53 kg/ cm 8 , so that it is not negligi- 
ble to the same extent as ^y^jjj* 



Z. SUM10LBY 



The elastic behavior of a simply supported plate strip 
under shear and compressive loading above the buckling lim- 
it is investigated in the present report. The investiga- 
tion of this range was carried out with the aid of the en- 
ergy method. The main results obtained are presented in 
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the form of a chart (fig. 3), 'the use of which for practi- 
cal application purposes la explained with the aid of tiro 
computed examples. The curves give the relation: between 
the mean skin stress p x and the longitudinal stiffoner 

stress p^ (under the assumption that the longitudinal 
memhors are not displaoeahle in the transverse direction) 
for various values of the shear T. The chart contains, 
bosidos the roducod "mean" shear modulus t/Y, the mean 
stross o~ a = — p a , with which the ahoet acts laterally on 

the transvorso stiffoners and for individual points the 
geometrical magnitudes p 8 (b/ P = wave separation) and 

t = — -— = (a = wave inclination). . The reference pres- 
sing a 

sure p* is takem as the critical stress for the hinge- 

E 

supported sheet under pure axial compression. = 

~ 3 ^I * Figure 3 takes account of the practically impor- 
tant range "between the critical load and the load about 
twenty times in excess of the critical. With given exter- 
nal (shear and compressive) load, it is possible by its 
aid to determine either the stresses when the cross-sec- 
tional areas are given, or the required cross sections 
when the maximum stressos are prescribed. Figure 2 glvos 
tho values p x , t/Y, a nd £a for various values of tho 

shear T for the other limiting case of yielding trans- 
verse stiffeners (p a = 0). It serves (in the manner de- 
scribed in section IX) to take into account the compres- 
sive and shear elasticity and the bending elasticity of 
the longitudinal stiffeners. In many cases it will be 
possible for a first approximation to dispense with this 
refinement. Figures 4 to 11 show the variation of the ef- 
fective width Pi/p^, the reduced "instantaneous" shear 
modulus dT/dY and the wave inclination angle a, for 
several particular loading cases* 



Translation by S. Reiss, 
Uatlonal Advisory Committee 
for Aeronautic?. 
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Pigs. 1,4,5,6,7 




Figure 1 .- Plate - strip •under 

shear and 
compressive stress. 



Figure 1 , 5 . - The critical 

value sT, 
as functions of T/p, 
(V s 0.3). 
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Figure 4.- The effective width 
pj/pj as a function 
of the excess load beyond the 
"buckling load (pure compressive 
stress). 
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Figure 6.-The effective 

width Pj/Pj, 
as a function of Pj/piq. 
( a t/Tjj.) for various 
values of the parameter 
k - T/pj , for the case 

PgVo. 



Figure 7.- The effective 

width p 1 /p l 
as a function Of pj IVfa 
( = t/t^j.) for various 
values. of the parameter 
k - t/pj , for the case 
£o « 0. 
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Figure 3.- Relation between the sheet stress p x and the 

. Pl i P * longitudinal stif f ener stress p { in the presence of shear 

r . Dotted curves give shear modulus t/y and transverse 
sheet stress p. as functions of p 7 andT. Transverse contraction 
«« - 0. 1 




Figure 9.- Seduced 

"instantaneous" i 
shear modulus dr/dT for 
pure shear stress for the 
four limiting cases 

a) £l = r,= 0, b) p,=t,=0, c) £,=p,= 0, d) p, = p.=0. 



■f = ) r 2 p* = E 
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Figure 10.- dT/dr as a function 

of the excess stress 
beyond the critical for various 
values of k s t/pj. 
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Figure 11.- lave inclination 

angle a and 
principal stress direction a 

as functions of T and p t 
(€ g -0). 
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